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Survival data

• X : time from �zero� to event (death)

• right-
ensoring at C: observe X̃ = min(X, C), D = I(X̃ = X)

• (delayed entry)
• basi
 quantity:� hazard fun
tion (= death intensity = mortality rate)� = α(t) ≈ Prob(die before t + ∆ | alive t)/∆

-t t t

0 t t + ∆
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Survival dataSurvival fun
tion:
S(t) = Prob(alive time t) = exp(−

∫ t

0
α(u)du) = exp(−A(t)).Likelihood based on independent (X̃i, Di, i = 1, . . . , n) under�independent� 
ensoring: ∏

i S(X̃i)α(X̃i)
Di .Models for α(t):

• non-parametri
: estimate A(t) by Nelson-Aalen estimator

• parametri
 models: Weibull, pie
ewise exponential, ...

• regression: Cox, Poisson (pie
ewise exponential), ...

• ...Simple one-to-one 
orrespondan
e between the �lo
al� parameter, thehazard, α(t), and the �global� parameter, the survival probability,

S(t). 3



Survival data as a two-state model.

Alive 10 Dead-
α(t)

Transition intensity

α(t) ≈ Prob(state 1 time t + ∆ | state 0 time t)/∆State o

upation probabilities
S(t) = Prob(state 0 time t), F (t) = 1 − S(t).
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Competing risks as a multi-state model.

Alive0

Dead, 
ause k
k

Q
Q

Q
Q

Q
Qs

Dead, 
ause 1
1

�
�

�
�

�
�3

α1(t)

αk(t)

p

p

p

5



Parameters.Transition intensities: Cause-spe
i�
 hazards, j = 1, . . . , k:

αj(t) ≈ Prob(state j time t + ∆ | state 0 time t)/∆,State o

upation probabilities:
S(t) = Prob(state 0 time t),

Fj(t) = Prob(state j time t), j = 1, . . . , k.

S(t) +

k∑

j=1

Fj(t) = 1.
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Bone marrow transplantation.1715 leukemia patients with BMT: (Szydlo et al., 1997)

• 537 ALL, 340 AML, 838 CML
• 1026 early stage, 410 intermediate stage, 279 advan
ed stage

• 1224 HLA-identi
al sibling, 383 HLA-mat
hed unrelated donor,108 HLA-mismat
hed unrelated donor
• 311 patients relapsed, 557 died in remission.Purpose:

• Study risk fa
tors for relapse and death in remission
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Mathemati
al formulation (1).

X , survival time, D 
ause of failure, joint distribution:

P (X ≤ t, D = j).Cause-spe
i�
 hazards:
αj(t) = lim

∆→0

P (X ≤ t + ∆, D = j | X ≥ t)

∆
.Marginal distribution of X : survival fun
tion

S(t) = P (X > t) = exp(−
∑

j

∫ t

0

αj(u)du).

Total hazard is α(t) =
∑k

j=1 αj(t).
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Mathemati
al formulation (2).Latent failure times
XL

1 , . . . , XL
k ,observe min{XL

1 , . . . , XL
k } and 
orresponding D.Joint survival distribution:

Q(t1, . . . , tk) = P (XL
1 > t1, . . . , X

L
k > tk).Relations between the two formulations:

S(t) = Q(t, . . . , t),

αj(t) = −
∂ log Q(t1, . . . , tk)

∂tj
⌋t1=···=tk=t.
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Parameter identi�
ation.Whi
h parameters may be identi�ed from the 
ompeting risks data

(Xi, Di), i = 1, . . . , n?(or from similar right-
ensored data (X̃i, Di), i = 1, . . . , n whereeither Xi = X̃i and Di ∈ {1, . . . , k} or Xi > X̃i and Di = 0.)Likelihood: ∏
i S(X̃i)

∏
j(αj(X̃i))

I(Di=j).From this we may identify the 
ause spe
i�
 hazards αj(t) but not thewhole joint distribution Q(·) of the �latent failure times� XL
1 , . . . , XL

k .For instan
e NOT the �marginal distribution� of XL
j :

P (Xj > tj) = Q(0, . . . , 0, tj, 0, . . . , 0) = Sj(tj)with (�net�) hazard fun
tion hj(t) = −∂ log Sj(t)/∂t.
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�Independent� 
ompeting risks.De�nition: XL
1 , . . . , XL

k are independent, i.e.

Q(t1, . . . , tk) =
∏

j Sj(tj)or (weaker): marginal (or �net�) and 
ause-spe
i�
 (�
rude�) hazardsare identi
al: αj(t) = hj(t).Sin
e Sj(t) and hj(t) 
annot be identi�ed from the data (withoutfurther, unidenti�able 
onditions) these assumptions are unveri�able.Likewise: the question of �what would happen if 
ertain 
auses wereremoved� (�partial 
rude hazards�) is quite hypotheti
al in mostbiologi
al settings.(Sensitivity analysis?)Possible ex
eption: failure of te
hni
al systems due to 
omponents in�unrelated parts� of the system. 11



�Counterexample�.Kalb�eis
h and Prenti
e (2002). Let k = 2 and:

Q(t1, t2) = exp(1 − α1t1 − α2t2 − exp(α12(α1t1 + α2t2))).Cause-spe
i�
 hazards: αj(t) = αj(1 + α12 exp(α12(α1 + α2)t)).If α12 = 0 then risks 1 and 2 are �independent�. However, likelihoodwould be the same if the model was
Q∗(t1, t2) = exp(1 − α1t1 − α2t2)

× exp(−
α1e

α12(α1+α2)t1 + α2e
α12(α1+α2)t2

α1 + α2
)risks are independent (also for α12 6= 0); 
ause-spe
i�
 hazards arethe same (but marginal hazards are di�erent).
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Identi�able probabilities.These are the state o

upation probabilities in the 
ompeting risksmulti-state model. That is,the overall survival fun
tion:
S(t) = exp(−

∑

j

∫ t

0

αj(u)du),and the 
umulative in
iden
es:
Fj(t) =

∫ t

0

S(u−)αj(u)du, j = 1, . . . , k.

-t t t t

0 u u + du t
time
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Inferen
e for 
ause-spe
i�
 hazards.Likelihood:
n∏

i=1

S(X̃i)
k∏

j=1

(αj(X̃i))
I(Di=j)

=
n∏

i=1

(
exp(−

k∑

j=1

Aj(X̃i))
) k∏

j=1

(αj(X̃i))
I(Di=j)

=
k∏

j=1

( n∏

i=1

exp(−Aj(X̃i))(αj(X̃i))
I(Di=j)

)
.

Note:

• Produ
t over 
auses, j,
• The jth fa
tor is what we would get if only that 
ause wasstudied and all other 
auses were right-
ensorings14



Inferen
e for 
ause-spe
i�
 hazards.

• This has nothing to do with �independen
e� of 
auses - it is solelya 
onsequen
e of the de�nition of 
ause-spe
i�
 hazards ashazards of ex
lusive events.
• It means that all standard hazard-based models for survival dataapply when analyzing 
ause-spe
i�
 hazards� non-parametri
: estimate Aj(t) =

∫ t

0
αj(u)du, j = 1, . . . , k byNelson-Aalen estimator, 
ompare using, e.g. logrank tests� parametri
 models� Cox regression, Poisson regression� ...
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Bone marrow transplantation:Cox regression models for 
ause-spe
i�
 hazardsRelapse DeathCovariate β̂ (SE) β̂ (SE)HLA-id. sibling 0 - 0 -HLA-mat
hed donor 0.011 0.15 0.811 0.097HLA-mismat
hed donor -0.944 0.36 1.118 0.14ALL 0 - 0 -AML -0.271 0.15 -0.195 0.14CML -0.721 0.16 0.291 0.117Early stage 0 - 0 -Intermed. stage 0.640 0.15 0.474 0.10Advan
ed stage 1.848 0.15 0.781 0.13Karnofsky> 90 -0.118 0.14 -0.504 0.11
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Cumulative in
iden
es.Re
all:
Fj(t) =

∫ t

0

S(u−)αj(u)du, j = 1, . . . , k

=

∫ t

0

exp(−
k∑

h=1

Ah(u−))αj(u)du, j = 1, . . . , k.

Note that Fj(t), via S(u) = exp(−
∑k

h=1 Ah(u−)), depends on the
ause-spe
i�
 hazards for all 
auses: think of 
an
er and
ardio-vas
ular mortality in smokers.That is, the simple one-to-one 
orrespondan
e between the �rate�,

αj(t), and the �risk�, Fj(t), whi
h we are used to from simple survivalanalysis does no longer hold when 
ompeting risks are operating.This is the key to understanding 
ompeting risks!17



Rates and risks.Comparison of rates (
ause-spe
i�
 hazards) and risks (
umulativein
iden
es di�er):
α

(1)
j

α
(2)
j

α
(1)
h

α
(2)
h

α
(2)
j

α
(1)
j

F
(2)
j

(t1)

F
(1)
j

(t1)

F
(2)
j

(t2)

F
(1)
j

(t2)0.1 0.2 1.0 2.0 2 1.33287∗ 1.11080∗0.1 0.2 2.0 1.0 2 2.78712 3.230940.1 0.1 1.0 2.0 1 0.68902 0.580250.1 0.1 2.0 1.0 1 1.45134 1.723400.1 0.2 1.0 1.0 2 1.92038 1.874740.1 0.1 1.0 1.0 1 1.00000 1.000000.1 0.2 0.1 0.2 2 1.81873∗∗ 1.67032∗∗0.1 0.2 0.2 0.1 2 2.00000 2.000000.1 0.1 0.1 0.2 1 0.95321 0.912380.1 0.1 0.2 0.1 1 1.04909 1.096040.1 0.2 0.1 0.1 2 1.90642 1.824750.1 0.1 0.1 0.1 1 1.00000 1.00000
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Inferen
e for 
umulative in
iden
es.Estimate for Fj(t): plug-in.For simple non-parametri
 inferen
e, plugging the Nelson-Aalenestimator into Fj(t) gives the estimator

F̂j(t) =

∫ t

0

Ŝ(u−)dÂj(u),

where Ŝ is the Kaplan-Meier estimator for the overall survivalfun
tion, S.This is a simple spe
ial 
ase of the general Aalen-Johansen estimatorfor non-homogeneous Markov pro
esses.A varian
e estimator is also available.
19



Sidetra
k.In the 
ompeting risks model, what is the interpretation of

F̄j(t) = 1 − exp(−

∫ t

0

αj(u)du)?

It is: Prob(Dead from 
ause j before t) IF all other αh(t) = 0, i.e. ifthe 
ompeting risks did not exist!It 
an, therefore, only be interpreted in a hypotheti
al populationwhere mortality from 
auses other than 
ause j have been eliminated(and where the mortality from 
ause j is still given by the same αj(t)- "independent 
ompeting risks").This is an untestable assumption and the estimator ̂̄F j(t) should notbe used.
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It has, in fa
t, been used extensively in, e.g. 
lini
al 
an
er studies:�Relapse survival 
urve�.The paradox is that Âj(t), the 
umulative 
ause-spe
i�
 hazard, isnot problemati
 (ex
ept for the fa
t that a 
umulative hazard is hardto interpret), but presenting this as a �Kaplan-Meier-type� estimatoris problemati
 sin
e this does not have a probability interpretation.The magnitude of this problem, obviously, depends on the magnitudeof the 
ompeting risk; but note that we always have: F̄j(t) ≥ Fj(t).The quantity F̄j(t) 
orresponds to the partial Markov pro
ess whereall transition intensities other than αj(t) are set to 0.
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Censoring in survival studiesWhen, in survival studies, we draw the Kaplan-Meier estimator onlythe death intensity is taken into a

ount - NOT the 
ensoringintensity. This makes sense if BOTH: (I), the population without
ensoring makes sense AND: (II), 
ensoring is �independent�.Example: event = death due to 
an
er, 
onsider 
ensoring due to:

• end of study
• emigration
• loss to follow-up
• death due to tra�
 a

idents
• death due to 
ardiovas
ular diseasesThe magnitude of the �rst problem (I) depends on the magnitude ofthe 
ompeting risk. 22



BMT study: 
umulative in
iden
es for relapse.
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Time-dependent 
ovariates.As in many standard hazard-based models for survival data,time-dependent 
ovariates are easily a

omodated in models for
ause-spe
i�
 hazards.However, as in standard survival models, the one-to-one relationbetween hazard and probability only holds when time-dependent
ovariates are exogenous or deterministi
. If 
ovariates areendogeneous (�truly random�) then the survival probability dependson the possible future development of the time-dependent 
ovariate.
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Regression models for 
ompeting risks

• Models for rates (
ause-spe
i�
 hazards):� all well-known hazard regression models from survival analysis

• Models for risks (
umulative in
iden
es):� plug in models for rates: no simple 
ovariate e�e
ts, butpredi
tion of 
umulative in
iden
e for given 
ovariates ispossible (e.g., psy
hatri
 studies). Standard errors availablevia the delta-method (Cox model: Andersen, Hansen andKeiding (1992, SJS), Cheng, Fine and Wei (1998, Biometri
s);additive hazard model: Shen and Cheng (1999, Biometri
s);�exible �Cox-Aalen� model: S
heike and Zhang (2003,Biometri
s)).
25



� Dire
t regression models

∗ Fine & Gray (1999, JASA), 
loglog model: (Sub-distribution)hazard for X∗

j = X · I(D = j) + ∞ · I(D 6= j) is

α̃j(t) = − d
dt

log(1 − Fj(t)), model:

log(α̃j(t | Z)) = log(α̃j0(t)) + βTZ where β is estimated by partiallikelihood with no or known 
ensoring and by an IPCW s
oreequation with general 
ensoring. Related to the Gray (1988, Ann.Statist.) test for 
omparison of 
umulative in
iden
es.

∗ Fine (1999, JRSS B, 2001, Biostatisti
s), general links

∗ pseudo-observations (Andersen, Klein et al., Biometrika, 2003;Biometri
s, 2005; SJS, 2007),
∗ Dire
t binomial regression using inverse probability of 
ensoringweights (S
heike & Zhang, 2007, SJS, S
heike, Zhang & GerdsBiometrika)

∗ (The latter two work for more general multi-state models.)26



Dire
t models for probabilities:Without 
ensoring, the 
ounting pro
ess Nij(t) = I(Xi ≤ t, Di = j) isobserved and its values 
an be used as out
ome variables in aregression model.1. Pseudo-observations:
θ̂(t) = F̂j(t) estimator based on entire sample,

θ̂−i(t) estimator based on data obtained by deleting i.Pseudo-observation no. i is then given by
θ̂i(t) = n · θ̂(t) − (n − 1) · θ̂−i(t).For sele
ted (all?) time points, t1, . . . , tm, these are used as out
omevariables in standard regression models using GEE with some 
hoi
eof link fun
tion, e.g. 
loglog, and sandwi
h estimator for varian
es.Note that 
ensoring must be independent of 
ovariates.27



2: Dire
t binomial regression:Let
Vji = XiI(Ci > Xi, Di = j) + ∞(I(Di 6= j) + I(Ci < Xi)).Then

E

(
I(Vji ≤ t)

SC(Vji)

)
= Fj(t),and inverse probability of 
ensoring weights (IPCW) 
an be used inthe regression.1. and 2. shown by Graw, Gerds & S
huma
her (2009) to beequivalent:

θ̂i(t) =
I(Xi ≤ t, Di = j, Xi ≤ Ci)

SC(Xi)
+ oP (1).
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Bone marrow transplantation.Regression models for 
umulative in
iden
es (adjusted for disease,stage, Karnofsky) at 10 time points.Relapse Fine-Gray Pseudo: 
loglog Pseudo: logitCovariate β̂ (SE) β̂ (SE) β̂ (SE)HLA-id. sibling 0 - 0 - 0 -HLA-mat
hed donor -0.32 0.16 -0.37 0.16 -0.45 0.19HLA-mismat
hed donor -1.37 0.38 -1.61 0.45 -1.88 0.51Death in remission Fine-Gray Pseudo: 
loglog Pseudo: logitCovariate β̂ (SE) β̂ (SE) β̂ (SE)HLA-id. sibling 0 - 0 - 0 -HLA-mat
hed donor 0.76 0.10 0.75 0.10 0.95 0.12HLA-mismat
hed donor 1.15 0.13 1.23 0.14 1.64 0.21
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Further topi
s.

• Missing failure type information, e.g. Goetghebeur and Ryan(Biometrika, 1995).
• Relative survival: αi(t) = α∗

i (t) + α(t).

• Pattern mixture regression model, e.g. Larson and Dinse (Appl.Stat., 1985):logitP (D = j | Z) = aj+bT

j Z, 
loglogP (X > t | Z, D = j) = log(α0j(t))+βT

j Z.

• Parameters in 
ommon for several 
ause-spe
i�
 hazards, e.g.

αh(t | Z) = α0h(t) exp(βh1Z1 + βZ2), h = 1, 2(Andersen, Borgan, Gill and Keiding, 1993, Springer; Lunn andM
Neil, 1995, Biometri
s).
• Random e�e
ts (frailty) models30



More on identi�ability.We saw previously that the joint survival fun
tion for the latentfailure times was not identi�able from the 
ompeting risks data.Two remarks to that e�e
t:1. He
kman and Honoré (Biometrika, 1989) showed that, withquantitative 
ovariates and marginal proportional hazardsmodels, the joint distribution is identi�able under suitableregularity 
onditions.2. Zheng and Klein (Biometrika, 1995) showed that, with anassumed form of the joint distribution (an assumed �
opula�), themarginal distribution of an XL
j is identi�able. They used this toestimate in the presen
e of dependent 
ensoring.
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Software.

• Models for 
ause-spe
i�
 hazards: 
oxph in R, PHREG in SAS, ...

• Fine-Gray model, Gray's test: 
mprsk pa
kage in R

• Plug-in estimation of 
umulative in
iden
e based on Cox modelsfor 
ause-spe
i�
 hazards: SAS MACRO by Rosthøj, Andersen andAbildstrom (Comp. Progr. Meth. Biomed., 2004). Also JohnKlein's homepage at Medi
al College of Wis
onsin, Milwaukee.

• Computation of pseudo-values: SAS MACRO and R fun
tion byKlein, Gerster, Andersen, Tarima, Pohar Perme (Comp. Progr.Meth. Biomed., 2008).
• ...

32



Con
lusions.

• Competing risks are frequently seen in biomedi
al (and other)appli
ations of survival analysis.

• The identi�able parameters are 
ause-spe
i�
 hazards and
umulative in
iden
es (and overall survival fun
tion).

• In standard survival analysis, rates (hazards) and risks (failureprobabilities) are equivalent
• In the 
ompeting risks model, this is no longer the 
ase: for ea
hfailure type, the failure risk depends on all failure rates
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• Modelling 
ause-spe
i�
 hazards using te
hniques from standardsurvival analysis is quite straightforward

• The 
ause-spe
i�
 hazards, however, only provide a lo
al (intime) des
ription of the operation of the 
auses

• To obtain a global des
ription (
umulated over time), the
ompeting risks must be spe
i�ed (and a

ounted for) unlessthey are small
• Questions like independen
e of risks and what would happen if
ertain 
auses were removed may be important and interestingbut their answers rely on unveri�able assumptions. However,sensitivity analysis may give useful insight.
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